The anisotropic parabolic equations with variable exponents are considered. If some of diffusion coefficients {b i (x)} are degenerate on the boundary, the others are always positive, then how to impose a suitable boundary value condition is researched. The existence of weak solutions is proved by the parabolically regularized method. The stability of weak solutions, based on the partial boundary value condition, is established by choosing a suitable test function.
Introduction and the main results
Recently, the anisotropic parabolic equations with the variable exponents
were studied by Antontsev and Shmarev [1] , Tersenov [2, 3] , and some essential characteristics different from the evolutionary p-Laplacian equations were revealed. Zhan [4, 5] studied the equations
and showed some essential characteristics different from equation (1.1). Here,
In this paper, we study the equation
with the initial value condition v(x, 0) = v 0 (x), x ∈ , (1.5) and with a partial boundary value condition v(x, t) = 0, (x, t) ∈ 1 × (0, T), (1.6) where 1 ⊆ ∂ is a relatively open subset. A similar partial boundary value condition was imposed on the equation
and a new approach to prescribe the boundary value condition rather than define the Fichera function was formulated by Yin and Wang [6] . However, since equation (1.4) is anisotropic and with the variable exponents, the method of [6] seems difficult to be applied to equation (1.4) . In what follows, we will try to depict 1 in another way. Moreover, instead of depicting the explicit formula of 1 , we will try to find the other conditions to substitute the boundary value condition. Instead of condition (1.3), we assume that x ∈ , b i (x) > 0, and
For the sake of simplicity, we denote that
and assume that p 0 > 1. Let us introduce the basic definition and the main results. First of all, for any small constant η > 0, we define
Conditions (1.8)-(1.9) assure that this set is an open subset of .
then we say that v(x, t) is a weak solution of equation (1.1) with initial value condition (1.5), provided that
Besides, if the partial boundary value condition (1.6) is satisfied in the sense of the trace, then we say that v(x, t) is a weak solution of the initial-boundary value problem (1.4)-(1.6).
Here and in what follows, p = p p-1 as usual. 
Theorem 1.2 If p
and for every 1 ≤ r ≤ l, 
, the similar conclusion as Theorem 1.4 was obtained in [5] , where the partial boundary 1 was depicted as follows:
In fact, letting ϕ be a nonnegative C 1 function, satisfying
the partial boundary 1 can be depicted by ϕ as [4, 5] , in some special cases, we can prove the stability of the weak solutions independent of the boundary value condition. 
By the way, for the following reaction-diffusion equation
we had conjectured that a partial boundary value condition should be imposed. This conjecture was partially proved in [7, 8] .
The proof of existence
By a similar method as in [4] , we can prove the following.
Lemma 2.1 If b
is a weak solution of equation (1.4) with initial condition (1.5). Then, for any given t ∈ [0, T), 
) is satisfied. Thus, we can define the trace of v on the boundary ∂ .
Consider the regularized equation
with the initial-boundary condition
Proof of Theorem 1.2 Multiplying (2.2) by v ε and integrating it over Q T yield
Hence, by (2.5), (2.6), and (2.7), there exists a function v and an n-dimensional vector
and
and by Wu [9] , by a process of the limit, we are able to prove that
for any function ϕ ∈ L 2 (0, T; W 1,p 0 ( )), ϕ| x∈∂ = 0. Thus, v(x, t) satisfies (1.10) and (1.11).
Moreover, according to Lemma 2.1, the partial boundary value condition (1.6) is satisfied in the sense of trace. Now, we can prove the initial value (1.5) in a similar way as that in [10] . In detail, for small given r > 0, denote
where c r (t) is independent of m, n, and lim t→0 c r (t) = 0. In fact, by (2.2), for any t ∈ [0, T),
Obviously, l η (s) ∈ C(R) and 
Noticing that ξ ∈ C 1 0 ( ), a(s) is a Lipschitz function, using Hölder's inequality of the variable exponent Sobolev space, by (2.14), we easily deduce that
At the same time,
Let η → 0. By (2.11)-(2.19), we can obtain
By v ε ∈ L ∞ (Q T ) and the unform estimates (2.6)-(2.7), we know that c r (t) is independent of m, n. Now, for any given small r, if m, n are large enough, by (2.9), we have Certainly, the initial value condition (1.5) can be right in the other sense; for example, in [11] , it has the form
Also, the existence of weak solutions can be proved in other ways. Here, we would like to mention some recent related papers [12] [13] [14] .
The stability of the initial-boundary value problem
Theorem 3.1 If p 0 > 1, b i (x) satisfies conditions (1.8), (1.9), g i (x) ∈ C 1 ( ), a
(s) is a Lipschitz function and for every
If v(x, t) and u(x.t) are two solutions of equation (1.4) with the same homogeneous value
and with different initial values u 0 (x) and v 0 (x), then
Proof Since b
At first, we have
Moreover, since g i (x) satisfies condition (3.1)
By Gronwall's inequality, letting τ → 0, we have
Theorem 3.1 is proved.
One can see that condition (3.1) is used to prove (3.4). In fact, without this condition, the conclusion of Theorem 3.1 is still true. This is Theorem 1.3.
Proof of Theorem 1.3 From the above proof of Theorem 3.1, we only need to prove that 8) without condition (3.1). Let us give an explanation. Noticing
if { : |v -u| = 0} is a subset of with a positive measure, then
At the same time, if { : |v -u| = 0} is a subset of with zero measure, since b i (x) satisfies (1.8)-(1.9), and for every 1 ≤ r ≤ l, b
Thus, Theorem 1.3 is true.
4 The stability based on the partial boundary value condition 
